A front-tracking technique on a fixed Cartesian grid, based on the kinetics of dendritic growth, is used to model the progress of an undercooled columnar dendritic front in non-equilibrium 2D solidification controlled by conduction and thermal natural convection. The effect of the alloy latent heat of fusion is included in this single-domain model through a careful definition of source terms in the energy conservation equation to account for both the advance of solidification front and subsequent thickening of the mushy zone within a control volume. The model is compared with the enthalpy approach showing its superiority in the detection of the undercooled liquid zone and, thus, in potentially modelling of columnar/equiaxed grain structures. It is used to predict the influence of both alloy composition and convective heat transfer coefficient on the size of the undercooled liquid zone in front of columnar dendrite tips during solidification of Al-Cu in a square mould. The predictions obtained confirm that natural convection in the melt reduces local temperature gradients and thus widens the undercooled liquid zone ahead of a curve joining columnar dendrite tips, increasing the potential for growth of equiaxed grains.
Introduction
Modelling of macroscopic transport phenomena during metallic alloy solidification is a very challenging task due to their coupling to the developing complex dendritic structure. Two major distinct zones of the solid can be formed viz. columnar and equiaxed. The columnar zone, being a patterned array of dendrites that advances into the liquid, emerges from the crystallisation of solid at mould walls. Equiaxed crystals, on the other hand, nucleate within the locally undercooled liquid and grow outward from their origin in all directions. A dual grain structure is often observed in castings when equiaxed grains are formed in the bulk melt ahead of the progressing columnar front, resulting finally in a columnar-to-equiaxed transition (CET).
Computationally efficient single domain enthalpy/porous medium models are commonly used in calculations of multidimensional casting processes on the industrial scale. However, as no direct account is taken of the kinetics of nucleation and growth of solid, a picture of the microstructure cannot emerge. In particular, such models cannot distinguish between the columnar mush and the undercooled liquid region ahead of dendrite tips resulting from the nonequilibrium phenomenon of solutal undercooling. Once formed, the region of undercooled liquid can be relatively extensive if a shallow temperature gradient occurs ahead of the front, allowing the formation of equiaxed grains there. Moreover, since in the enthalpy approach the mushy zone is treated as a whole, the same porous medium model is used in both regions to account for the flow resistance there. But, it seems physically more convincing to restrict such a flow model to the region of columnar structure, since only the morphology of this zone resembles a porous medium. In the undercooled liquid region, where equiaxed structure can develop, some models of slurry are needed.
Browne and Hunt [1] [2] [3] have developed a front-tracking model on a fixed grid which can track the appearance and progress of a front of columnar dendrites, or an equiaxed grain, during solidification of binary alloys in a two-dimensional mould. The model employs a Lagrangian representation of the moving meso-scale solidification boundary (a curve joining columnar dendrite tips or an envelope of an equiaxed grain) but uses Eulerian (fixed grid) calculations of the energy conservation equation in the case of solidification driven by pure conduction. They performed calculations at engineering length scales effectively using a singledomain approach and they utilised laws of dendrite tip kinetics to advance the interface. Dendrite growth kinetics had previously been used by Wang and Beckermann to track the columnar front in their single-domain multiphase modelling of CET. 4) They applied a one-dimensional (based only on a single marker) iterative procedure to determine the columnar front position upon the simplified assumption that the front lies on a single isotherm. The model of Browne and Hunt is much more advanced and it allows identification of a non-isothermal columnar front. In a paper by Martorano, Beckermann and Gandin, 5 ) the 1-D Wang and Beckermann model 4) was modified to consider the effects of solute rejection into the bulk liquid by growing solidification fronts on CET formation. Such effects were reportedly significant for equiaxed grains growing with a ''globulitic'' structure i.e. with a large internal solid fraction, but insignificant for dendritic grains. The Browne and Hunt approach, 3) because it employs a model of dendrite tip kinetics (presented later), which is based on the theories of Ivantsov 6) for isolated dendrite growth, assumes that the growing dendrites are sufficiently spaced that they are not significantly influenced by neighbouring solute fields. As shown by Martorano et al., 5) in such cases of dendritic solidification there is practically no solutal enrichment of the bulk melt. Such Ivantsov-based growth laws are not, however, applicable to the growth of globulitic grains. New light is being thrown on the real physics of dendritic growth in metals by new high resolution X-ray studies, 7) and these continuing findings will be of great assistance in refinement of theoretical models of the phenomena. In the model of Browne and Hunt, 3) the effect of the alloy's latent heat of fusion is included through a careful definition of source terms in the energy conservation equation to account for both the advance of solidification front and subsequent thickening of the mushy zone behind it. The model predictions have been compared with the well-known single-domain enthalpy method 8) to illustrate that the fronttracking technique based on dendrite kinetics can, unlike the enthalpy method, resolve a region of undercooled liquid ahead of a growing columnar front. It is in such a region that equiaxed solidification can develop, blocking the advance of the columnar dendrites. Furthermore, indications of the relative potential for the formation of such an equiaxed zone can be drawn from the front tracking calculations of nonequilibrium columnar solidification. The resultant equiaxed predictor 9) has been verified by comparison with the results of numerous experimental studies.
The front-tracking model 3) has recently been extended by the authors to include treatment of the convection, which occurs in the liquid phase due to gradients in temperature. Although such natural convection can also be caused by solutal gradients, these typically do not extend appreciably beyond the dendrite tips. 10) As a result solutal convection in the bulk melt will normally be minimal, although it is true that interdendritic solute flow could be significant. Proper treatment of such flow in the mushy zone would, however, need to incorporate a comprehensive model of the partially stochastic onset of preferential flow in channels such as that in the model of Poirier, Felicelli and co-workers. 11, 12) This is beyond the scope of the current contribution. So this paper presents significant further development of the front tracking model to enable simulation of columnar dendritic alloy solidification driven by both conduction and thermal natural convection, the latter occurring in the bulk melt and in the interdendritic liquid. More detailed comparisons of this front tracking method with the commonly used enthalpy formulation are given and the model is used to predict the influence of both: alloy composition and chilling conditions of a mould (specified by a convective heat transfer coefficient) on the developing columnar dendrites and the undercooled liquid zones, and, thus, on the evolving macrostructures. The role of thermal natural convection in the development of these zones during solidification of Al-Cu alloys in a square mould is discussed.
Mathematical and Computational Models
2.1 Fixed grid front-tracking technique based on dendrite tip kinetics In contrast to the original work of Shyy et al., 13, 14) the front-tracking model is used here to treat the advance, not of the strict solid-liquid interface, but of an envelope of dendritic structure ahead of which all is liquid and behind which a mushy region exists. So, in the case of columnar solidification the tracked interface is actually a front, which coincides with a curve joining dendrite tips, whereas for equiaxed structure it is simply a grain envelope. Along this internal border encompassing a two-phase solid-liquid (mushy) region the fraction solid is zero, although it is expected that the liquid is undercooled. The interface is represented by a set of massless marker particles (markers). An initial position of each marker z 0 m is assumed in accordance with both an initial state and thermal boundary conditions on the domain surfaces. At some time during solidification the interface is represented by the line joining successive markers (solid circles in Fig. 1 ). From this position a marker advances in a direction perpendicular to the front (Fig. 1) , at the growth velocity # m defined by kinetics at the phase-change interface, e.g. by the Stefan condition for pure metals 13, 14) or by the specified alloy dendrite tip kinetics. 2, 3) The latter case, where the growth velocity can be defined as a function of local undercooling, determined from the current temperature field, accounts for non-equilibrium solutal undercooling. The dendrite kinetics relationship, can result from theoretical considerations, e.g., [15] [16] [17] or from experimental findings, e.g. 7, 18) A new position of each marker (stars in Fig. 1 ) is then calculated from the time interval Át and the velocity v m
where the direction of marker travel is perpendicular to the front. 3) A temporary interface position is obtained by linear interpolation between each pair of successive markers (light solid line in Fig. 1) . Next, the points at which this representation of the front intersects the grid-lines of the computational mesh become the new marker particles (open squares in Fig. 1 ). Finally, linear interpolation between the new marker positions creates a new representation of the interface (heavy line in Fig. 1 ). This dynamic re-arrangement of marker particles ensures that information on the interface is always held at the resolution of the grid, and that marker particle rarefaction or accumulation does not occur.
For dendritic growth, expected in solidification of alloy castings, the kinetics of dendrite tip advance is used in this model to determine the velocity of any computational marker. The velocity of any marker m is given by 15) 
where the local undercooling at m-marker position
and an alloy-dependent constant
where T m , T L , C 0 , D l and are, respectively, the temperature of the marker, the equilibrium liquidus temperature, the alloy composition, the solute diffusivity in the liquid and the curvature undercooling constant (the Gibbs Thomson parameter); m and p stand for the liquidus slope and the partition coefficient, respectively. This velocity-undercooling relationship (eq. (2)) incorporates the effect of solute rejection at the dendrite tip, and was shown to match well the results of careful experimental studies of the solidification of Al-Cu alloys. 15) In the pure thermo-diffusion case, and when the primary dendrite spacing is reasonably large implying that most of the solute is rejected inter-dendritically, the additional treatment of solute diffusion through a layer ahead of the growing dendritic front is not necessary. Such a situation arises in casting processes where the thermal gradient is low. 19) This kinetics law is used here in order to prove the front-tracking algorithm and to show its potential. A more complete physical description of dendritic solidification could be based on more recent expressions, for example from the work of Hunt and Lu. 16) Moreover, the growth of a dendrite is significantly influenced by the liquid flow around it. A degree of this impact depends on the relationship between direction of flow and the tip growth direction. 17, 20, 21) For the case of the highest stable growth rate, experiments indicate that the product of the tip growth velocity and the squared tip radius is linearly dependent on the flow velocity far from the dendrite tip. The problem has been studied using the marginal solvability approach for crystals having four-fold symmetry. 22) Based on results of, 22) it can be found that in this case the relationship between the tip growth velocity and the local undercooling is similar to the one given by eq. (2), but the coefficient C t is not a constant but it is rather almost a linear function of the flow velocity. Schrage 17) has developed a simplified analytical model of dendritic growth of the single isolated dendrite tip under the influence of convection. When buoyancy forces cannot be ignored (terrestrial conditions), the relationship given by eq. (2) should be replaced by one of these models that accounts for the thinned boundary layer and increased growth rate caused by the liquid movement. Further refinement of the present model is thus needed in future. For now, however, the assumption is maintained that flow does not affect the dendrite growth kinetics.
Macroscopic model equations
To calculate the temperature field needed in eq. (3), the energy conservation equation is solved on a fixed grid of control volumes and local undercooling at a marker m is calculated by interpolation from the known temperatures at neighbouring control volume nodes. A single domain approach is used where the single energy equation is valid for the bulk liquid, the solid and the mushy region, although solidification fronts are tracked as described in the previous section.
But the commonly used Eulerian total enthalpy concept [23] [24] [25] is not applied here. Instead, the latent heat effect is considered within an Eulerian-Lagrangian formulation, by a careful definition of the source terms of the energy equation, which are derived from tracking the fronts. For two consecutive times of the process, i.e. t and t þ Át, the situation in a control volume that encompasses the interface is shown in Fig. 2 .
The latent heat, ÁQ L , released in a time interval Át consists of both: the heat associated with the advance of solidification front (a line of dendrite tips), ÁQ a and the heat, ÁQ t , due to subsequent dendritic thickening in the two-phase part (mushy region), V m , of the control volume V CV . 2, 3, 8) With
, where the subscripts l and s stand for the liquid and the solid phases, we have
where an internal fraction solid (volumetric fraction of solid) is defined as a ratio between solid volume, V s , in the mush and the volume of this mushy region itself, V m -both changing in time
and L is the latent heat of fusion per unit mass. For an infinitesimally small time step the rate of heat released per unit control volume due to the phase transition process can be calculated as
Since the main objective of the paper is to analyse the potential of the new front-tracking model with convection, a simplified linear relationship between the solid fraction and temperature is used in order to avoid non-linearity of nodal energy equation. A more rigorous analysis would require consideration of diffusion of solute at the microscopic scale of the secondary dendrite arm spacing e.g. use of lever rule or Scheil g s ðTÞ relationships. 10, 27) But now we define
where T S and T L mean, respectively, the solidus and liquidus temperatures. In future the model will be refined by inclusion of non-linear and more enhanced relationships describing the evolution of the fraction solid. Energy is transferred through boundaries of the control-volume V CV by heat fluxes. In the original model, 1, 3) these fluxes were only conductive. Here the extended model, treating convection, is presented. In the case of static solidification (velocity of the solid phase equal to zero; columnar zone) the convective transport of the liquid enthalpy &H l within the control volume V CV , which encompasses the interface, can be interpreted as a sum of enthalpy advected at the apparent velocity g l v l in the columnar zone V m (porous medium model) and the enthalpy advected at the physical liquid velocity v l in the undercooled liquid region, 
where
is a volumetric fraction of the liquid but related to the whole control volume V CV and, by virtue of the assumption that & l ¼ & s , it is equal to the mass fraction f l , which is a ratio between the mass of liquid confined in the V CV and the volume of this domain. Thus, for an infinitesimally small control-volume V CV , which contains an infinitesimally small V m , the energy conservation principle takes the form
where the first term of the left hand side expresses changes of internal energy (equal to changes of sensible enthalpy under the assumption of incompressibility) accumulated in a unit volume due to temperature changes, whereas the latent heat effect is given in terms of the volumetric source q L defined by eq. (7). &c p and k are, respectively, the mixture volumetric capacity (product of density and specific heat at constant pressure) and the mixture thermal conductivity given by the following weighted sums of pertinent properties of both phases
To get the velocity field v i , eq. (11) is supplemented with the mixture mass and momentum conservation equations. Assuming equal and constant densities of both phases, stationary solid phase, the Newtonian fluid model and laminar Boussinesq thermal natural convection, the following equations are obtained, through adding the pertinent conservation equations for each phase [23] [24] [25] @u j @x j ¼ 0
where: i; j ¼ 1; 2; 3; 
where K 0 is a morphological constant. 23, 25) 
Computational algorithm
To calculate the concurrent fluid flow and heat transfer phenomena occurring in the superheated melt, mushy and fully solidified regions, described in eqs. (7)- (15), the control-volume finite difference method (CVFDM) has been coupled with the front tracking technique on a fixed grid. The developed CVFDM program is based on the staggered grid approach 29) -to avoid checkerboard pressure modes, along with the hybrid or power-law upwinding 29) -to eliminate non-physical spatial oscillations of the numerical solution. The iterative segregated solution strategy is adopted, where directional momentum equations and energy equation are linearised and solved consecutively. To separately calculate pressure and velocity fields, Patankar's velocity and pressure correction method was used. 29) At each successive time step the developed computational algorithm looks as follows . first, macroscopic conservation equations of mass, momentum and energy are solved, using the SIMPLEC algorithm 30) and fully implicit time marching scheme, to get current velocity and temperature fields . thus obtained temperature, along with the adopted law of dendrite tip growth (eq. (2)), is used to calculate the local undercooling, new marker positions, mush volumes and to update solid fractions for all controlvolumes that encompass the interface . to distinguish between control volumes of fully solidified alloy, columnar dendritic morphology, those containing a solidification front, undercooled and superheated liquid, a simple system of continuously updated flags is used. New values of the source terms of the momentum and energy equations are calculated from eq. (7) and eq. (15) respectively, and the steps are repeated for the next time interval.
Comparison of Front-tracking on a Fixed Grid with the Enthalpy Approach
By way of verification of the new front-tracking model, comparisons are made in this section with the wellestablished enthalpy method. In the enthalpy approach the mushy zone is defined as a region between the solidus and liquidus isotherms. The solid fraction is referred to the whole control volume. The energy accumulation within a balance domain is defined by the concept of total enthalpy, which is a sum of sensible specific heats of both phases and of the latent heat effect. 23, 25, 26) So, with the assumption of a stationary solid phase, the energy conservation equation, reads
where the mixture thermal conductivity is specified by eq. (13), whereas the total enthalpy per cubic meter &H is defined 23, 25, 26) &H
and the mixture heat capacity &c p is given by eq. (12). Incorporating the relationship (17) into eq. (16) one obtains
Comparison of the above equation with eq. (11), supplemented by eq. (7), shows that both formulations of the energy conservation differ in the definition of the source term. The latent heat effect given by eq. (7) is replaced in the enthalpy method by the last term of the right hand side of eq. (18) . In a control volume that includes the line of dendrite tips (like the one in Fig. 2 ) the volumetric internal solid fraction g s and the total c.v. solid fraction r s are related by
and, f s ¼ r s due to the assumption that & l ¼ & s . Taking this into account the source term of eq. (18) can be rewritten
The right hand side of the above equation is identical to the sum of source components that describe the evolution of the mushy zone in the front tracking model, eq. (7). Moreover, the convective terms of eq. (11) and eq. (16) are also identical. So, from the point of view of local energy balance within any whole control volume V CV , which contains the interface, both the enthalpy and front-tracking approaches are equivalent. However, there are significant advantages in using the front-tracking model, which diverges very significantly from the enthalpy model in that it can predict a zone which is completely liquid yet below the liquidus temperature, as will be shown later.
To compare macroscopic results predicted by both methods, the columnar dendritic solidification driven by conduction in a square mould (0:18 m Â 0:18 m) has been solved for two different aluminium-copper alloys, i.e.: Al-0.67 mass%Cu and Al-2 mass%Cu. Thermophysical properties of the both alloys were assumed constant and equal in both phases, namely:
On the onset of the analysed chilling process the melt was at initial pouring temperature equal to 700 C. From this temperature it was cooled by convective heat transfer through all external surfaces of the mould with the constant ambient temperature of 400 C and the heat transfer coefficient h ¼ 3 kW/(m 2 K). Due to symmetry, only one quarter of the domain was modelled and calculations were performed on 100 Â 100 square control-volume grid. The fully implicit Euler scheme was used for marching in time in both the front tracking and enthalpy methods. In the front-tracking formulation, the value of C t varies with an alloy composition. According to Browne, 9) for Al-Cu alloys C t ¼ 1:6 Â 10 À3 =C 0 m/K 2 s, where C 0 is a copper nominal concentration (given in mass %) in the Al-Cu melt. Figure 3 shows the obtained temperature distributions along the mould half diagonal at various times of solidification for these two Al-Cu alloys. Both methods give very close results in the case of a low solute concentration (inspiring confidence in the new model, as the two predictions should be identical for a pure metal) and slightly different for a higher concentration of Cu. But the main advantage of the proposed front-tracking method is the possibility of identification of the undercooled liquid zone that can arise in front of the advancing columnar dendrites. In the equilibrium enthalpy model the solidus and liquidus isotherms give the borders of the mushy zone, i.e. solid/mush and mush/liquid interfaces (Fig. 4) .
The front-tracking approach, due to the use of nonequilibrium kinetics of the columnar dendrite tips, enables one to distinguish two regions between the equilibrium solidus and liquidus isotherms, namely the columnar dendritic region and the undercooled liquid region where the equiaxed structure can be formed (Fig. 4) . The latter (medium grey in Fig. 4 ) is a region confined on one side by a line connecting the columnar dendrite tips, obtained by piecewise linear interpolations between actual positions of successive interface markers, and by an isotherm of the equilibrium liquidus temperature on the other side. This region where the temperature is slightly lower than the liquidus temperature, is filled with the undercooled liquid with/without equiaxed grains.
Moreover, the front-tracking approach that resolves the zone between solidus and liquidus isotherms into two separate regions i.e. columnar and undercooled liquid ones, provides the potential for more precise modelling of momentum transport within the mushy region. The model of Darcy (porous medium) flow can be restricted only to the region of columnar morphology (Fig. 5) . In the remaining parts of the zone the Darcy source term, eq. (15), is equal to zero and the classical momentum equation for a liquid can be applied, with modified viscosity (or other model of slurry) in the case when equiaxed structure is formed in the undercooled melt (Fig. 5) . The line separating regions in an interface control volume, as well as their sizes, are specified directly from the front-tracking technique.
Undercooled Liquid Zone in Solidifying Al-Cu Alloys-Parametric Analysis
The proposed mathematical model and its numerical counterpart, based on the coupling of the front-tracking technique and CVFDM method, have been used to address the question of the role of the liquid mixture composition, thermal boundary conditions and thermal natural convection, on the size and shape of the zone of undercooled liquid, where an equiaxed structure can develop.
The effects of boundary heat transfer coefficient and
alloy concentration To analyse the influence of the rate of cooling and of the liquid mixture composition on the developing mushy zone, the columnar dendritic solidification driven by conduction in a square mould-as described above-has been simulated for various convective heat transfer coefficients (h.t.c.s) and different aluminium-copper alloys. The results obtained are illustrated in Fig. 6 and Fig. 7 in terms of size and position of solid, columnar dendritic, undercooled and superheated melt zones at various times of solidification. The behaviour observed in Fig. 6 is as expected. A higher value of convective heat transfer coefficient causes more rapid solidification and leads to higher thermal gradients. This results in a narrower columnar mushy zone and undercooled region. On the other hand, higher solute concentration gives a larger solidification range and therefore a wider mushy zone (Fig. 7) . Moreover, higher level of solute results in both greater growth undercooling (Fig. 8) and larger regions of undercooled liquid (Fig. 7) , thus favouring equiaxed growth.
The effects of natural convection
It is commonly acknowledged that buoyancy forces play an important role in progress and morphology of alloy solidification. The presence of convection significantly changes the temporal position of the liquidus isotherm in the mould and the shape of the mushy zone. It is expected that local temperature gradients in the liquid become lower than in the case of pure conduction and that the zone of undercooled melt thereby becomes wider. The newly enhanced front-tracking model now enables simulation of such convection.
To study the effect of thermal natural convection on the development of columnar dendritic and undercooled liquid zones, the solidification of Al-2 mass%Cu in the square mould cooled from all sides by convective heat transfer (h ¼ 3000 W/(m 2 K), ambient temperature equal to 400 C) was calculated on a staggered grid of 50 Â 50 controlvolumes. Provisionally, the dendrite growth kinetics described by eq. (2) was employed and it was assumed that no equiaxed grains were formed yet in the undercooled liquid region. This latter region was treated as completely liquid, although with temperatures lower than the equilibrium liquidus temperature. The columnar dendritic zone was modelled as isotropic porous medium where the resistance to the flow was given by Blake-Kozeny law. 23 ) Macroscopic conservation equations were solved by fully implicit Euler scheme, whereas the front advance was treated explicitly. Because natural convection was being modelled, there was no longer four-fold symmetry and so one half of the domain (either side of the vertical centreline) had to be treated.
The model predictions are illustrated in two subsequent figures. Figure 9 shows flow patterns and the solidus and liquidus isotherms within the left half of the mould at three different times of solidification. The presence of convection significantly changes the temporal position of the liquidus curve in the mould and the shape of the mushy zone. In Fig. 10 the predicted temperature distributions along the mould diagonal, with and without treatment of convection, are given at two selected early times of the process. The region of undercooled liquid is shown in Fig. 9 where the curve (dashed one) denoting the columnar dendrite tips is TIME = 60s TIME = 60s TIME =60s TIME = 90s TIME = 90s TIME = 90s 
Al
drawn (with the temporary simplified assumption that convection does not significantly influence dendrite tip growth temperature) and the undercooled region is compared with that for pure conduction heat transfer in the solidifying melt. The lower thermal gradient observed near the bottom of the mould (Fig. 10 ) leads locally to a wider columnar mushy zone and undercooled liquid region (Fig. 9) . The lower thermal gradients produced in the liquid and the resultant wider undercooled region zone means that, provided the magnitude of the undercooling is sufficient for nucleation, equiaxed crystals have more time to grow. Furthermore, it has long been known 31) that convection in the columnar mushy zone has the additional effect (not simulated here) of causing dendrite arm fragmentation by remelting at their roots, and their transport into the undercooled liquid. 32) So convection both provides crystallites for equiaxed nucleation, and enhances the conditions for encouraging their growth.
Further comparison of zones developed during non-uniform solidification without and with thermal natural convection is given in Fig. 11 for Al-2 mass%Cu cooled and frozen in a sand mould 33) 
. It confirms that convection speeds up the process of solidification, significantly changes the shapes of all zones in the mould, in particular widening the undercooled liquid region ahead of columnar dendrites, increasing the potential for growth of equiaxed grains. This simulation shows the potential use of the presented model as a basis for simulating structure development in foundry shape castings.
Discussion and Final Remarks
It is commonly recognised that the effect of nonequilibrium solutal undercooling plays a crucial role in the evolution of microstructure during binary alloy solidification. Therefore, a lot of work has been done to develop enhanced models of solid fraction that account for the solute accumulation at the liquid side of the interface. They are mostly derived from models of complete solute mixing in the liquid due to the observation that non-complete mixing of solute is limited to a small liquid region near a dendrite tip.
27) These models are usually coupled with methods of representing the latent heat effect on a fixed grid (total enthalpy, source based, or apparent heat capacity methods). But such approaches cannot distinguish between the columnar region and undercooled liquid ahead, since the entire zone between the liquidus and solidus isotherms is simply seen as being mushy. For this reason these methods cannot treat the competition between the different forms (columnar and equiaxed) of solidification in a casting.
To overcome these limitations, a new Eulerian-Lagrangian approach was developed by Browne and Hunt 3) for pure thermo-diffusion solidification, and extended in this paper to include the phenomenon of thermal natural convection. The model is based on the computationally effective singledomain solution of macroscopic conservation equations (Eulerian representation) coupled with a special technique of front-tracking through the use of computational markers (Lagrangian method). This technique, based on the kinetics of dendrite growth, can describe the actual position of the solidification front-defined as a curve joining the tips of solid dendrites-and, thus, it can resolve two distinct regions within the region confined by the solidus and liquidus isotherms, i.e. the columnar dendritic and the undercooled melt regions. The latter is a region in which equiaxed solidification can occur.
Although the method does not treat individual columnar dendrites, its calculations of the progress of the columnar dendritic front in the non-equilibrium solidification process enable prediction, through numerical integration of the undercooled ravine developing ahead of the front, of the potential for the formation of the equiaxed zone. 9) So, the method seems to be promising in the development of a computational model of columnar-equiaxed transition in castings of industrial scale.
Moreover, the method enables, as presented here, more precise modelling of the momentum transport within the mushy zone through the possibility of using different models in each of two regions identified. A porous medium approximation can be restricted only to the columnar dendrite region-it is physically more convincing than modelling the whole mushy zone that way. In the undercooled melt, where equiaxed dendrite structure can develop, some model of slurry can be adopted (e.g. mushy fluid model for small grains, Kreiger's expression for viscosity or more enhanced models).
Since the progress of the interface in the presented method is based on the kinetics of dendrite growth it is crucial to use sound theoretical or experimental models of dendrite tip kinetics that include the effect of convection. In this work, the relationship of Burden and Hunt 15) is applied for simplicity but more advanced treatment can be based on 16) for a pure thermo-diffusion case (micro-gravity conditions). In terrestrial conditions, where the inter-dendritic liquid and the bulk melt movements significantly influence the progress of solidification and macrostructure formation, more enhanced theoretical models, e.g. 17, 21) or those emerging from experimental studies, e.g. 7, 18) should be utilised. Extension of applications of the proposed front tracking method to modelling of the competition between simultaneous columnar and equiaxed solidification is the ultimate goal. So far the method has been used for separate analysis of columnar and equiaxed cases of dendritic solidification. But, the model is now being improved to deal with the impingement of the equiaxed grains with the columnar front to predict the columnar-equiaxed transition.
